We show that natural transformations play the role of homotopy for (covariant) functors. Homotopic functors are shown to induce identical maps between the homology groups of categories. For a space X, there is an associated category AS(X). We show that the classifying space of \S(X) has the same homotopy type as A" if A" is a CW complex. Moreover, we prove that, for CW complexes X and Y, /and g:X->-Y are homotopic if and only if \S(f) and \S(g) are'.
HOMOTOPY FOR FUNCTORS MING-JUNG LEE
Abstract.
We show that natural transformations play the role of homotopy for (covariant) functors. Homotopic functors are shown to induce identical maps between the homology groups of categories. For a space X, there is an associated category AS(X). We show that the classifying space of \S(X) has the same homotopy type as A" if A" is a CW complex. Moreover, we prove that, for CW complexes X and Y, /and g:X->-Y are homotopic if and only if \S(f) and \S(g) are'.
1. Introduction. It is known that a simplicial complex is topologically determined by a partially ordered set. In particular, this partially ordered set determines the homotopy type of the simplicial complex. It is also known that the homotopy type of a CW £(G, n) is determined by the group G. Partially ordered sets and groups are related in the sense that they both are small categories. In this paper, we show that the homotopy type of a CW complex is determined by a small category, the singular category of the complex, where natural transformations play the role of homotopy for (covariant) functors. Our approach is closely related to simplicial sets. Functors will always be covariant.
Let K be a simplicial set. We associate to K a small category AiK) as follows. The objects of A(/T) are Simplexes of K. The set of morphisms from simplex v to simplex « consists of all the face maps x from Am to A", where m=dim v and n=dim u, such that ux=v. (A face map is an injective monotone function from [w] = {0, 1, • • • , m} to [n] = {0,\, ■ ■ ■ , n} and it operates on u via the face maps of K.) For a simplicial map/: £-->•£, we define A(/) = A(£)->A(£) to be the obvious functor with A(/)(«)= J\u) for objects. Thus A becomes a functor from if, the category of simplicial sets, to *€, the category of small categories and functors. Composing A with S, the total singular complex functor, one obtains a functor from &~, the category of topological spaces, to Sf. The category ASiX) is called the singular category of the space X. We prove the functor AS preserves homotopy.
There is also a functor M from ^ to £f which preserves homotopy. The functor M was studied by Anderson [1] and Segal [7] . In general M(A) may not be a Kan complex (where A is any category); we prove that M(A) is a Kan complex if and only if A is a groupoid. We also show MA(K) is precisely the subdivision (see Kan [2] ) of the simplicial set K. For a category A, the geometric realization of M(A) is called the classifying space of A and denoted by BA. It is well known that the classifying space of a group G is a CW K(G, 1) and the classifying spaces of finite partially ordered sets are simplicial complexes. We prove that the classifying space of the category AS(X) has the same homotopy type as A' if A' is a CW complex.
Our main theorem can be stated as follows. We can also show that homotopic functors induce same maps between the homology groups of small categories with constant coefficients. (It was shown in Lee [3] that the homology groups of a space A'coincide with the homology groups of its singular category.)
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for/7>l where tví=Domain x¡ = Rangex^. We divide our proof into three parts.
(1) Suppose p^3. Then there is a number /^3 and k^l and it follows from the compatibility conditions idlaj = dJ_xal for /< j and 9Jcr¡ = 3¡_1o\, for /•</) that x0=x¿ for2</^j>+1, /j* k, and xj = x°x¿ if k 5e 1 (use 9iO-, = 9,_la1 and 30o-, = o^ero). Since A is groupoid, xlxl=x\xlxl implies xl = xlx2 and the proof coincides with that of (1).
(3) Suppose p=\. Then the proof is the reverse of the arguments in part (a).
(In fact, we have shown that the extension condition is always satisfied for/? = 3.) Q.E.D.
We now show that the classifying space of AS(A') has the same homotopy type as A' if A' is a CW complex. We first observe that for any simplicial set K the simplicial set SA(K) is just the subdivision SdK (see Kan [2] ). In fact, SdK is defined to be the simplicial set v?/~, where Kp= Remark.
The homotopy relation defined above is obviously an equivalence relation. It is also easy to see that tp~(p' and yj~y' imply cp o y)~çs' o ip''. in case A and Y are partially ordered sets, the homotopy coincides with the one defined by Okamoto [6] . Proof. This proposition was proved by G. Segal [7] for topological categories. We will give a different proof here. Suppose r¡ is a natural transformation from cp' to cp, we construct a homotopy h = Mcp'~Mcp as follows. (2) Does the functor A preserve homotopy? We expect to have a negative answer for (1), but (2) should be true at least for maps between Kan complexes.
